Introduction
Let X be an n-dimensional compact polyhedron. For any triangulation ∆ of X, define the f -vector f (X, ∆) = (f 0 , f 1 , · · · , f n ), where f i is the number of i-simplices of ∆. The f -vectors must satisfy some conditions, such as the Euler equation
The classification of f -vectors for certain classes of polyhedra and their triangulations is an interesting and difficult problem. The conditions on the f -vectors can be linear, nonlinear, equality, or inequality. For simplicial polytopes, the linear equality conditions have been known (besides the Euler equation) for a long time as the Dehn-Sommerville equations; the linear inequality conditions were formulated by McMullen [13] and were proved to be sufficient by Billera and Lee [2] and to be necessary by Stanley [18] . The classification of f -vectors for arbitrary polyhedra is far from completion.
For topological spaces other than polytopes, Klee [12] first classified linear (equality) conditions on the f -vectors of Eulerian manifolds. Klee defined Eulerian nmanifolds as simplicial complexes such that the simplicial link of every i-simplex has the same Euler characteristic as the sphere S n−i−1 . Following Klee's work, the authors [7] [8] showed that the notion of Eulerian manifolds is actually independent of triangulations. Furthermore, we studied the more general two-strata spaces (including manifolds with boundaries) and classified the (rational as well as integral) linear conditions on f -vectors of such spaces.
In this paper we continue to study linear conditions on f -vectors of arbitrary polyhedra. By introducing the notions of Eulerian stratification and weighted fvector, we are able to obtain the Dehn-Sommerville equations for weighted f -vectors and the (rational) classification of linear conditions on weighted f -vectors. Moreover, we also find the necessary and sufficient conditions for some combinatorial data to be realized as coming from an Eulerian stratification. This last result suggests a general framework that might include many linear combinatorial theories other than f -vectors.
Preliminaries
We will make use of many concepts (polyhedron, link, join, manifold, triangulation, etc.) from P L-topology. Our basic reference for this is Rourke and Sanderson's classical introduction [16] .
A neighborhood of a point x inside a compact polyhedron X is homeomorphic to a cone xL with cone point x and base L. L is itself a compact polyhedron unique up to P L-homeomorphism. L is called the link of x in X and is denoted lk(x, X). The following notions are defined in terms of the link and the Euler characteristic χ:
1. A locally compact polyhedron M is called an n-dimensional P L-manifold with a closed subpolyhedron ∂M as boundary if lk(x, M ) is P L-homeomorphic to the sphere S n−1 for x ∈ M − ∂M and is P L-homeomorphic to the disk D n−1 for x ∈ ∂M ;
A locally compact polyhedron M is called an n-dimensional Eulerian manifold with a closed subpolyhedron ∂M as boundary if χ(lk(x, M )) = χ(S n−1 ) = 1 − (−1)
n for x ∈ M − ∂M and χ(lk(x, M )) = χ(D n−1 ) = 1 for x ∈ ∂M .
Klee's Eulerian manifolds [12] correspond to our Eulerian manifolds without boundary. We have shown in [8] that as far as Euler characteristic is concerned, Eulerian manifolds with boundary have the same properties as P L-manifolds with boundary.
In particular, we proved that for a compact Eulerian manifold (M, ∂M ),
We also proved that χ(M ) = 0 for any odd dimensional Eulerian manifold without boundary.
In this paper we need to deal with spaces that are not polyhedron in the sense of [16] . They will always be explicitly written as X = U − V for some pair (U, V ) of compact polyhedra. We will call X finite (open) polyhedron. Many usual notions for compact polyhedra can be extended to these spaces. For example, a triangulation of X is the restriction of a triangulation of the pair (U, V ), so that X is the union of the interior of some simplices. The Euler characteristic χ(X) = χ(U ) − χ(V ) is still the alternating sum of the number of these simplices at various dimensions. The usual additivity and multiplicativity of the Euler characteristic are still true. Moreover, if (M, ∂M ) is a compact Eulerian manifold, thenṀ = M − ∂M is a finite polyhedron and
A notable special case is that the Euler characteristic of the n-dimensional open ball is (−1) n . The link lk(x, X) = lk(x, U ) − lk(x, V ) of x ∈ U in X is also a finite polyhedron. Here we make use of the notion of the link pair (which is unique up to relative P L-homeomorphism) (lk(x, U ), lk(x, V )) of compact polyhedra. Note that x is not necessarily in X. In fact, lk(x, X) is nonempty as long as x is in the closure of X in U . Remark 1.1.1 It is possible to develop a rigorous theory (along the line of [16] ) about the spaces that are unions of the interior of some simplices in a triangulation. However, since all spaces encountered in this paper are of the form U − V (and U and V are always explicitly given), we will not get into this.
The classical Dehn-Sommerville equations
are satisfied by any triangulation of an n-dimensional compact Eulerian manifold X without boundary (see [3] [9] for simplicial polytopes, and [7] [8] [12] for Eulerian manifolds without boundary). Let D(n) denote the coefficient matrix in (3) (see [7] for explicit expression). In [7] [8], we have generalized the classical Dehn-Sommerville equations to D(n)f (M, ∆) = f (∂M, ∂∆) for compact Eulerian manifolds with boundary. Moreover, we proved the following properties of D(n):
Here χ is the Euler function on vectors: χ(a 0 , a 1 , · · · , a n ) = (−1) i a i .
Eulerian Stratification
We first introduce the notion of stratified polyhedra. Definition 1.2.1 A stratification of a compact polyhedron X indexed by a finite partially ordered set P is a decomposition X = a∈P X a into disjoint union of finite subpolyhedra such that for each a ∈ P , the closurē
We also call X a stratified polyhedron. Moreover, we call X a andX a (pure) strata and closed strata.
In terms of the closed strataX a , the condition (5) can be rephrased as
c .
In particular, we see thatX a ⊂X b if and only if a ≤ b. The strata may be recovered from
This gives a specific expression of X a as a finite polyhedron. Denote χ(a) = χ(X a ) andχ(a) = χ(X a ). Then (5) implies that χ andχ are related by Möbius inversion
where µ is the Möbius function, defined on the ordered pairs of P and characterized by
Moreover, we have
For each x ∈ X a , the link lk(x, X) is a stratified polyhedron with strata lk(x, X b ), indexed by b such that a ≤ b. Moreover, for fixed a ≤ b, lk(x,X b ) is a stratified polyhedron with strata lk(x, X c ), indexed by c such that a ≤ c ≤ b.
Observe that the notion of Eulerian stratification is purely topological. In fact, for fixed x ∈ X a , the system {χ(a, b) = χ(lk(x,X b )) : a ≤ b} and the system {χ(lk(x, X b )) : a ≤ b} are also related by Möbius inversion in a way similar to (7)
Therefore, one system is independent of the choice of x ∈ X a if and only if the other system is independent of the choice. Since the first system can be described in terms of the relative homology
we see Eulerian stratification is a topological property.
Thus from the definition of Eulerian stratified polyhedron we see that for any y ∈ X a ,
This simply means that X a is an Eulerian manifold without boundary. Hence Eulerian stratified polyhedra are obtained by gluing pieces of Eulerian manifolds together in "Eulerian fashion". Topologists have been interested in various versions of stratifications such as geometric stratification [4] , Whitney stratification [10] , P L-stratification [22] , intrinsic stratification [14] , and homotopy stratification [15] . All these stratifications share the following homogeneity property: for any x, y ∈ X a and a ≤ b, there are homeomorphic neighborhoods of x and y inX b . Thus geometrically stratified polyhedra are Eulerian stratified. In particular, with the intrinsic stratifications, the spaces such as polyhedra, algebraic varieties, semialgebraic sets, and subanalytic sets are all Eulerian stratified if they are compact.
In [8] , we studied Eulerian stratified spaces with 2-strata. We showed that such spaces (X, X 0 ) are characterized by the following properties 1. X − X 0 and X 0 are Eulerian manifolds without boundary;
is independent of the choice of x ∈ X 0 .
The properties are comparable to the ones that characterize geometrically stratified spaces with 2-strata. We expect general Eulerian stratified spaces can be characterized in a similar way.
Main Results
There are three main results in this paper: the Dehn-Sommerville equations, the classification of linear conditions on weighted f -vectors, and the characterization of relative Euler characteristics in Eulerian stratifications. We call a triangulation ∆ of a stratified polyhedron X a stratified triangulation if each stratum X a is a union of the interior of some simplices in ∆. We denote the collection of these simplices by ∆ a . Then we have the a-th f -vector f (X a , ∆ a ) given by
and the a-th Euler characteristic
In terms of the closed strata, ∆ induces a triangulation∆ a ofX a . This gives rise to the f -vector f (X a ,∆ a ), and χ(f (X a ,∆ a )) =χ(a). The two systems {f (X a , ∆ a )} and {f (X a ,∆ a )} are related by Möbius inversion and are therefore equivalent.
We investigate the system {f (X a , ∆ a )} through the notion of weighted f -vector.
The ω-weighted Euler characteristic is
The dimension of the weight is
For any integer n, the n-th boundary weight ∂ n ω of ω is the weight Alternatively, we can view ω as a function on X, defined by ω(x) = ω(a) for x ∈ X a . We can also view ω as a function on any stratified triangulation ∆ of X, defined by ω(σ) = ω(a) for σ ∈ ∆ a . Then
ω=0 ¶ boundary weight for PL-manifold with boundary A special case is to take the constant function (a) = 1, which yields the classical f -vector f (X, ∆) = f (X, ∆, ). Moreover, from the weight function
The following theorem is a generalization of the classical Dehn-Sommerville equations to weighted f -vectors. In the 2-strata case, we have already obtained such generalization in [7] [8] (in an equivalent formulation, without referring to weight functions). 
One important consequence of the theorem is ∂ n−1 ∂ n = 0 (Proposition 2.2.2). This gives rise to an interesting homology which we will not discuss in this paper. Moreover, this provides one of the conditions in the third main Theorem 1.3.7.
Suppose n = dim X = dim X a , then X a is a top dimensional stratum and a is a maximal index. By (10) , therefore, we have
In particular, if X has only one stratum, then X has to be an Eulerian manifold without boundary. Thus (11) becomes D(n)f (X, ∆) = 0, which is the classical DehnSommerville equation.
For another example, consider a compact P L-manifold (M n , ∂M) as a space with strata
We have
Therefore for constant weight function = 1, we have ∂ n (0) = 1 and ∂ n (1) = 0. Then (11) becomes the Dehn-Sommerville equation [7] . The linear conditions on weighted f -vectors are the Euler equation and a part of the Dehn-Sommerville equations. More precisely, for any nonnegative integers m < n of the same parity, there are (n − m)
Theorem 1.3.4 Let X be an Eulerian stratified polyhedron.
For any fixed weight function ω, the only (rational) linear conditions on
where 
where n = dim X and m is the greatest dimension of the strata whose parity is different from n. Moreover, the number of independent linear conditions is
Remark 1.3.5
In (13), v is considered as a vector in R s+1 . If v is considered as (n + 1)-dimensional, then we need to add the extra conditions that the last n − s coordinates of v vanish. Moreover, if ∂ s ω = 0, then Proposition 2.2.5 shows that r and s have different parity, so that the statement is meaningful. If ∂ s ω = 0, then we should set r = 0 for odd s and r = −1 for even s.
Remark 1.3.6
In case the conditions in the second part of the theorem is not satisfied, we have also found all the linear conditions. The details appear in Theorem 3.2.1.
Again these generalize the classical result on the linear conditions on f -vectors. In [8] , equivalent results were obtained (without using the notion of weighted f -vectors) for 2-strata case.
Our third main result deals with an important new phenomenon appearing only in stratified situation. It turns out that the Euler characteristic χ(a) of strata and the relative Euler characteristic χ(a, b) between strata cannot be arbitrarily given. In addition to (9) , the following equalities need to be satisfied (Proposition 2.2.1 and Proposition 2.2.3):
Next theorem says that this is also sufficient, modular some lower dimensional quirkyness. (14) and (15) are satisfied, and χ(a, a)
Theorem 1.3.7 Suppose P is a partially ordered set, and d
: P → N is a function such that d(b) − 2 ≥ d(a) ≥ 1 for a < b. Suppose χ(a
) is a collection of integers for a ∈ P , and χ(a, b) is another collection of integers for a ≤ b in P . Then there exists an Eulerian stratified polyhedron X indexed by P with dimension function d(a), Euler characteristic function χ(a), and relative Euler characteristic function χ(a, b) if and only if
= 1 − (−1) d(a) .
Remark 1.3.8
The reason for requiring the dimension gap is that 0-dimensional polyhedra can only have positive Euler characteristic. In higher dimensions, there is no problem realizing desired Euler characteristics for our specific case.
The theorem is significant because it points out the possible general setup that might include many linear combinatorial theories. Combinatorists have studied Eulerian structures such as Eulerian posets (see [1] [19] [20] , for examples). The conditions were imposed on the poset itself. The realization theorem above suggests that we should consider the structures in the more general context of any finite poset with the poset elements related by special functions and incidence functions satisfying (14) and (15) .
The other problem that arises from considering stratified polyhedra is that the equality ∂ n−1 ∂ n = 0 gives rise to some "weight homology". It would be quite interesting to find out properties of this homology. We expect it to play some role in the theory speculated above.
In this paper we have not touched the issue of torsion linear conditions. If we take the values of weights to be integers, then the weighted f -vectors are all integral. Therefore there could be some torsion linear relations in addition to the rational linear conditions discussed here (we used rational rank for finding out all the linear conditions, which does not detect torsion relations). The 2-strata case has been completely solved in [8] and was shown to have nontrivial torsion relations. We expect the weight homology to be also involved in this problem.
Lastly, it is of interest to find out whether Theorem 1.3.7 is true for geometrically stratified spaces. A key reason for the theorem to hold is that the cobordism of Eulerian manifolds is extremely simple (see Proposition 4.1.4): Ω E n = 0 for odd n and Ω E n = Z 2 for even n. It is quite conceivable that the theorem should also be true for geometrically stratified spaces. But the reason is not obvious.
The rest of the paper consists of detailed proves and is organized as follows: In Section 2 we prove Theorem 1.3.3 on generalized Dehn-Sommerville equations. In Section 3 we study linear conditions on weighted f -vectors and prove Theorem 1.3.4. The lengthy Section 4 is devoted to the realization Theorem 1.3.7.
Notations
For the convenience of readers, we gather here the various notations used in this paper. For an Eulerian stratified polyhedron X,
The interior of any object A with boundary is denotedȦ. Thus the interior of an Eulerian manifold (or P L-manifold) M with boundary ∂M isṀ = M − ∂M . The interior of a simplex σ is denotedσ.
The geometric realization of a simplicial complex K is denoted |K|. The join of two spaces U and V is
Finally, we often find it convenient not to fix the dimension of vectors. We consider vectors in R k naturally as vectors in R k+l by adding l zeros as the (k + 1)st through (k + l)-th coordinates.
Dehn-Sommerville Equations
In this part we derive the generalized Dehn-Sommerville equations for weighted fvectors stated in Theorem 1.3.3 and discuss its consequences. The method is an elaboration of Klee's argument [12] .
Proof of Dehn-Sommerville Equations
First we recall some facts from P L-topology. Suppose ∆ is a triangulation of a compact polyhedron X, and σ is a simplex in the triangulation. Then the simplicial link of σ in ∆ is lk(σ, ∆) = {τ ∈ ∆ : σ ∩ τ = Ø, τ and σ form a simplex σ * τ of ∆}.
Moreover, for any x ∈σ, we have the following P L-homeomorphism relating the simplicial link and the topological link
Now consider a stratified triangulation ∆ of a stratified polyhedron X. For σ ∈ ∆ a , the simplicial link lk(σ, ∆) is also "stratified" with strata
and closed strata
indexed by b such that a ≤ b. A key step in proving Theorem 1.3.3 is the following computation of the Euler characteristic χ(lk(σ, ∆ b )).
Proof: Since∆ b is a triangulation of compact polyhedronX b , and σ is a simplex in ∆ b , the relation (17) applies to x ∈σ:
On the other hand,
By comparing (20) and (21), we obtain (19) . ✷
Proof of Theorem 1.3.3:
Fix σ ∈ ∆ a and denote ρ = σ * τ . Then we have
and the following reinterpretation of (16) and (18) lk
Therefore,
If we take the sum of the left side of (23) over all simplices σ of dimension i, then we obtain
Consequently,
and
This completes the proof of Theorem 1.3.3. ✷
Consequences of Dehn-Sommerville Equations
We collect here some consequences of Dehn-Sommerville equations derived in the last section. Proof: By applying the second equality in (4) to the Dehn-Sommerville equations, we obtain
Proposition 2.2.1 The Euler characteristic and the relative Euler characteristic of an Eulerian stratified polyhedron satisfies
Since this is true for any ω, the proposition is proved. ✷ Proposition 2.2.2 ∂ n−1 ∂ n ω = 0 for any weight ω on an Eulerian stratified space X.
Proof: Denote θ = ∂ n−1 ∂ n ω. By applying Dehn-Sommerville equations twice and the first equality in (4), we obtain
for any triangulation ∆. Then for any refinement ∆ of ∆ we have
Now let b be a maximal index such that θ(b) = 0. Then we may choose a subdivision ∆ of ∆ such that ∆ b = ∆ b , and ∆ a = ∆ a for a ≥ b. As a result,
Combined with the maximality assumption on b, we get
The contradiction implies that θ = 0. ✷ Proof: We explicitly find out the meaning of ∂ n−1 ∂ n = 0:
Since this holds for any choice of ω, the proposition is proved. 
Since 
Linear Conditions on Weighted f -vectors
In this part we study the linear conditions on weighted f -vectors. In the first section, we deal with the case of fixed weight. In the second section we consider all weights.
The Case of Fixed Weight
In this section, we fix a weight ω on an Eulerian stratified polyhedron X and consider the linear conditions on the weighted f -vectors f (X, ∆, ω) for all stratified triangulations ∆. Such linear conditions are explicitly given in Theorem 3.1.1, which is the first part of Theorem 1.3.4.
In the proof of Theorem 3.1.1, we will make use of the existence of triangulations δ
, with the following properties
, the boundary of the standard p-simplex;
Such triangulations may be for instance obtained by deleting one p-dimensional simplex from each of the boundary triangulations of (p + 1)-dimensional cyclic polytopes [3] [9] [23] .
The proof of the theorem is very much similar to the ones found in [7] and [8] . The key construction is the following: Suppose ∆ is a triangulation of X and σ is a p-dimensional simplex in the triangulation. Then nearby σ is the subcomplex σ * lk(σ, ∆) = {ν * τ : ν is a face of σ, τ ∈ lk(σ, ∆)}.
For each special triangulation δ = δ p i , we may replace the subcomplex σ * lk(σ, ∆) of ∆ by the complex δ * lk(σ, ∆). Since σ * lk(σ, ∆) is glued to the rest of ∆ along ∂σ * lk(σ, ∆) = ∂δ * lk(σ, ∆) (the equality is by the first property of δ), after the replacement we still obtain a triangulation of X. We denote the triangulation by ∆(δ).
The following repeats the first part of Theorem 1.3.4.
Theorem 3.1.1 Let ω be a rational weight function on an Eulerian stratified polyhedron X. Let s = d(ω) and r = d(∂ s ω). Then the rational affine span of the ω-weighted f -vectors f (X, ∆, ω) for all possible stratified triangulations ∆ of X consists of vectors
Moreover, the number of independent linear conditions is
, and the dimension of the affine span is We have shown in [8] that the dimension of B is , to construct new triangulations
Recall that ∆(δ 
By the second property of δ 
are also affinely independent. Next we do the similar construction to τ . We make use of the special triangulations δ
, to create new triangulations
from the 0-th triangulation ∆ 0 of (24). Because all faces of τ s are assumed to be contained in X b , and s = d(ω), again by dimension reason the only modification on the strata with nonvanishing ω is the replacement of τ by δ
are also affinely independent. Another fact we need about the f -vectors (27) is
Here in the last step, we use the fact that the difference between ∆ 0,j and ∆ 0 appears near τ , which by dimension reason is assumed to be away from strata with nonvanishing ∂ s ω. Now we replace the 0-th triangulation in (24) by the sequence of triangulations (26) created from it, and consider the list
Since r and s have different parity, the number of triangulations in the list is
We claim that their ω-weighted f -vectors are affinely independent, which implies the theorem. So we consider the linear relation
We need to show that all the coefficients α i , β j vanish. Applying D(s) to (29), we use (28) and the Dehn-Sommerville equations to obtain
By the affine independence of (25), we see that all the coefficients α i = 0. Thus the relation (29) becomes
By the affine independence of (27), we further conclude that all the coefficients β j = 0. This completes the proof of Theorem 3.1.1. ✷
The Case of Variable Weight
In this section, we fix an Eulerian stratified polyhedron X and consider the linear conditions on the weighted f -vectors f (X, ∆, ω) for all weights ω and all stratified triangulations ∆. Our main purpose is to prove the following theorem, which includes the second part of Theorem 1.3.4. • Suppose there exist some strata whose dimensions are of different parity from n. Let m be the greatest dimension of such strata.
In case some χ(a)
and the number of independent linear conditions is
In case all χ(a)
• Suppose the dimensions of all strata are of the same parity.
In case some χ(X
and the number of independent linear conditions is n+1 2 .
In case all χ(X
and the number of independent linear conditions is E(m + 1, n))f (X, ∆, ω) . Therefore the f -vector satisfies E(m + 1, n) ) represents the first m + 1 columns, we conclude that (0, E(m + 1, n))f (X, ∆, ω) = 0.
So we have proved that either (30) or (31) is satisfied by all f -vectors in respective situation. To show that these are all the linear conditions, we only need to find some weights so that the affine span of their f -vectors is exactly given by these equations.
Suppose χ(a) = 0 for some a. Then we fix one such stratum X a . Moreover, we fix an n-dimensional stratum X b and an m-dimensional stratum X c . Then we are looking for a weight ω 0 of the form
where we may additionally require α = β if a = b or α = γ if a = c. We can always find appropriate α, β, γ so that the following are satisfied. 
We can always find appropriate β, γ so that the following are satisfied.
As before, these inequalities imply that d(ω 0 ) = n and d(∂ n ω 0 ) = m. By Theorem 3.1.1, the affine span of ω 0 -weighted f -vectors f (X, ∆, ω 0 ) for all triangulations is characaterized by (31). From Theorem 3.1.1 we know the rank of (31) is n−m+1 2
. Since m ≥ 0, the first column of (0, E(m+1, n) ) is zero. Therefore the Euler equation is linearly independent of the equations (0, E(m + 1, n))v = 0. As a result, the rank of (0,
. This completes the proof of the first part of the theorem. Now we turn to the case that all strata have the same parity.
For any weight ω, we must have ∂ n ω = 0 by Proposition 2.2.5. Then by the DehnSommerville equations (11), D(n)f (X, ∆, ω) = 0 for any triangulation ∆. Moreover, the Euler equation χ(f (X, ∆, ω)) = 0 is obviously satisfied in case χ(a) = 0 for all a. So we have proved that either (32) or (33) is satisfied by all f -vectors in respective situation. As in the first part, it remains to find some weights so that the affine span of their f -vectors is exactly given by these equations.
Suppose χ(a) = 0 for some a. Then we fix one such stratum X a and an ndimensional stratum X b . By choosing values ω 0 (a) and ω 0 (b) carefully, and taking ω 0 to be 0 elsewhere, we can find ω 0 so that χ(X, ω 0 ) = 0 and d(ω) = n. A similar argument as before shows that the affine span of ω 0 -weighted and 2ω 0 -weighted fvectors for all triangulations is characaterized by (32) only.
Suppose χ(a) = 0 for all a. Then we can find a weight ω 0 with d(ω 0 ) = n. By Theorem 3.1.1, the affine span of ω 0 -weighted f -vectors f (X, ∆, ω 0 ) for all triangulations is characaterized by (33).
The ranks of (32) and (33) are well known (see [3] [9] or [23] , for examples). ✷
Characterization of Eulerian Stratifications
In this part we prove Theorem 1.3.7. The necessity of the conditions have been shown in (9), Proposition 2.2.1, and Proposition 2.2.3. The proof of the sufficiency consists of two parts. First we construct pieces Y * of Eulerian manifolds corresponding to the strata and links between strata. Then we put these together to form a stratified polyhedron X, which we have to show to be Eulerian with the right Euler characteristics.
Construction of Eulerian Pieces
LetP = P ∪ {0}, where 0 is the smallest element joined to P . We may think of 0 as corresponding to the empty stratum Ø. In this part we construct Eulerian manifolds Y a,b with boundary ∂Y a,b for a < b inP . We expect Y 0,b to become the "closed interior" of strata of X. For a < b in P , we also expect Y a,b to become (the core of) links between strata. In the next section, we use these pieces to construct X. To state the properties these Eulerian manifolds Y a,b must satisfy, we need to fix some notations. Throughout the proof, I, J, K, etc, will be strictly ordered subsets (9), (14), (15) 
We say J refines I if I ⊂ J, and i(I) = i(J), t(I) = t(J). For
We note that the expected dimension of Y I is
We also note that the first two conditions imply that
whereẎ J = Y J − ∂Y J and ∂Y J is given by the equality in the second condition in the lemma.
Proof of Lemma 4.1.1: For the convenience of applying (14) and (15), we note that if we set
Then (14) is equivalent to (15) with a = 0, and the fourth condition becomes the fifth one with a = 0. On the other hand, we may use χ(a, a)
The construction of Y a,b is by induction on the number of indices between a and b. When we say something has been constructed, we assume that the five properties in the lemma are satisfied for the done part.
We 
between the closed strata of (44) and those of S d(I)−1 * ∂∆ I−{a,b} preserves the incidence relation lk(y,
Moreover, the corresponding closed strata have the same Euler characteristic
By Möbius inversion, the corresponding strata also have the same Euler characteristic. By adding the Euler characteristics of the strata together, we conclude that the Euler characteristics of the total spaces are the same
✷
Next we compute the Euler characteristic of (43). By inductive hypothesis, Y I is an Eulerian manifold. Therefore (2) 
where in the last step, we use the fourth and the fifth properties of Y * , * in Lemma 4.1.1. To further compute (45), we introduce the following functions
By making use of the product in the incidence algebra (see [19] , for example), the right side of (45) 
Proof: (48) may be rewritten as
where the unit 1 of the incidence algebra of ofP is the δ-function. This is further equivalent to
For a < b, we have
on the left side, and
on the right side. For a = b, both sides are zero. Therefore we see that (49) is equivalent to (42). ✷ Applying Proposition 4.1.3 to (45), we obtain 
Construction of Eulerian Stratified Polyhedron
In this section we use Lemma 4.1.1 to prove the sufficiency part of Theorem 1.3.7, which we state again as the following lemma. We will continue using the notations introduced at the beginning of the last section. Let a = t(I) be the terminal index of I. Then a ∈ J and Y 0J = Y 0J ≤a × Y J ≥a , where
It is easy to see that if I ⊂ J ⊂ K, then i J,K i I,J = i I,K and p I,J p J,K = p I,K (i.e., the simplices ∆ I and inclusions form a category, and (Y 0I , p J,I ) is a contravariant functor from this category to the category of polyhedra). Then we may form the geometric realization of the system (called simplicial space):
where the relation ∼ is given by:
The image of Y 0I × ∆ I in X is a closed subpolyhedron of X and will be denoted im(Y 0I × ∆ I ). We note that if we collapse the Y 0I factor to a point in the construction of X, then we obtain geometric realization
The projection π for P={a,b,b',c} with a<b<c, a<b'<c'
of the order complex of P (the r-simplices of the complex are the ordered sequences of r + 1 indices). Moreover, there is a natural projection
obtained by simply forgetting the first factor (the map Y 0I → point is a natural transformation from the functor (Y 0I , p J,I ) to the trivial functor (point, id)).
∆(P ) is naturally stratified with ∆(P ) a = ∆(P ≤a ), where P ≤a is the partially ordered subset of P consisting of indices ≤ a. Equivalently, this means ∆(P ) a =
I⊂P,t(I)=a∆
I .
The stratification induces a stratification on X: 
The decomposition also implies 
2. if a < b, then
Now we are ready to verify χ(lk(x, X b )) = χ(a, b). We consider three cases. In the fourth step we used Proposition 4.1. In the computation we used the extended notation d(0) = −1 and (41). In the sixth step, we used Proposition 4.1.3. ✷
